Newton’s Method

Newton’s method is atechnique that can be used to find the root of an equation, i.e., to

solve the equation
f(x)=0

for x. Suppose we can make some sort of educated guess, say Xy. Then consider the

geometry shown in the following
figure. If we draw atangent through
the point (Xg, Yp)and project it down
to the x-axis, then the intersection of
the tangent line with the x-axisis
closer to the real root than Xg.
Calling this intersection point x;, we
observe that the slope of the tangent
lineis

f(x0) _ ¢
0= ()
Xo—%1 70
Cross multiplying,
f(xo)
— X = —~
and therefore
f(xo)
X =Xg————

By the same argument, the point X, is
an even better guess at the root, and
itslocation is

Xp = X — f,(Xl)
f'(x)
In general, we can define the sequence of
guesses

XO,Xl,XZ,...,Xn,Xn_'_l,...%X as N— o

where

f(x
Xn41 = Xn — f,((xn))
n

To implement thisin a computer program
we could use the following algorithm:

A

Set e=10"1 (choose any arbitrary small
number)

Set A=1

Guess some X

Setn=0

While A > ¢ repeat the following
Xns1 = Xn — F(Xn) 7 £7(Xn)
n=n+1
A =[Xn = Xn_1]

In general this method will converge rather rapidly, usualy requiring fewer than half a
dozen steps to achieve an accuracy such as 10_15, depending on the function.

Exer cise: Write an algorithm to solve Euler’ s equation M = E—esinE for E.
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Euler’s Method for Solving Differential Equations

Euler’s Method addresses the problem of solving the initial value problem numerically:
y'=f(xy)
y(@) = Yo }

To do this we discretize the x-axis into intervals of length h > 0,
Xp=a+nh, n=0,12,...

asillustrated below.

approximate solution
(only defined discretely)

@
Yn yn.+1

L .ysl.

y=f(x) (exact solution)

he—

|
[
a x3 X X1 Xn Xn+1

While the exact solution may be defined anywhere, the approximate solution is only
defined discretely at these points. We use the following notation

y(Xn) = exact solution to equation (1) at X = X,
Yn = approximate (numerical) solution at X = X

The approximate solution y, a X = X, is obtained in terms of difference equation
relating the solutions at an adjacent set of points, e.g.,

m
D Ci¥nej = ho(Yn_k: Ynk1s- - Ynemi Xni D) where
j=—k
¢ dependson f. Usually these methods are linear. Euler’s method is obtained by
considering the definition of a derivative,
lim y(X+ h) - y(X)
h—0 h

For extremely small values of h,
X+ h) —y(x
y( r)1 YO _ tx.y)
Multiplying through by h,

y(x+h) = y(x) = hf (x,y)

=y =1(xy)
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At X = Xp, SINCe Xn41 = Xn + N, thisleads to

Y(Xn41) = Y(Xn) + hf (X, Y(Xn))
If af X = X, we approximate y(x) by some estimatey,, then one possible estimatey;,, 4 for
Y(Xn11) is

Yne1 = Yn + hf O, Vo)
Thisequation is called Euler's method.

Example. Solve y’ =y, y(0)=1 numericaly on [0, 1] using Euler's method using h=1, h
= 0.5, h=0.2 and h = 0.1, and compare it with the exact solution.

For thisinitial value problem, we have f(x,y) =y so Euler'smethod is
Yn+1 = Yn + hfy = Yo + hyn = ya(2+h)
Withh=1. start with x5 =1, yp =1 (given), and calculate successive approximations as
=1, yy=1+h)yy=2
With h = 0.5, start with X =1, yg =1; Then
X =05 y=0+h)yy=(1+05-1=15
X =10, yp=(1+h)y;=(1+05)-1.5=225
Withh=0.2, startwith X5 =1, yg=1Then.
=02 y=@0+h)y;=(1+02)-1=12
X0 =04, y,=(01+h)y;=(1+02)-1.2=144
X3=06, y3=(1+h)y,=(1+02)-1.44=1.728
X4=08, ys=(1+h)y3=(1+0.2)-1.728=2.0736
X5 =10, Yy5=(1+h)y,=(1+0.2)-2.0736 = 2.48832

With h = 0.1. start withxg =1, yg=1; Then
X =01 y=@1+h)yy;=(01+01)-1=11

X0=02, yp=(1+h)y;=(1+01)-1.1=121

Xx3=0.3, y3=(1+h)y,=(1+01)-1.21=1331
X4=04, yps=(0+h)y3=(1+0.1)-1.331=1.4641

X5 =05 y5=(1+h)y, =(1+0.1)-1.4641=1.61051
Xg=0.6, Yyg=(1+h)ys=(1+0.1)-1.61051=1.77156
X7=0.7, y7=(1+h)yg =(1+0.1)-1.77156 = 1.94872
Xg=0.8, yg=(1+h)y;=(1+0.1)-1.94872 =2.14359
Xg=0.9, Yyg=(1+h)yg=(1+0.1) 2.14359=2.35795
X0 =10, Y10 =(1+h)yg=(1+0.1)-2.35795= 259374
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The exact solutionto y' =y , y(0)=1is y=e*

The above figure illustrates the four numerical solutions.

Runge-Kutta Methods

An s-stage Runge-Kutta method is any method to solve the initial value
problem y = f(x,y), y(a) = yp that has the form

s
yn+1ZYn+h2Qki

i=1

where
i-1 i-1
k= fl X, +hY &, ya+h) ajkj | for i=12..s
j=1 j=1

The most common Runge-K utta method is the following 4-stage method:
Y = Yo +h(Zk + 3o + 2kg + Eka)

ke = f(xn,Yn)

ko = (X + 30,y + S hiy)
ks = f(Xn +3h,yn +3hky)
kg = f(Xp +h,yp + hks)

Consider the previous example, y' =y , y(0)=1. The genera form of the Runge-Kutta
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solution for this differential equation is
ki = f(Xn:¥n) = ¥n

ko = f(Xn + 3Ny +Shky) =y + Shky =y, (1+h/2)
k3= f(Xn+3hyn+3hky) =yn +3hi =y, +2hy(1+h/2)
=y,(1+h/2+h?/ 4)
Kg = f(Xn + N, ¥y +hk3) =y, +hkg =y, +hy,(1+h/2+ h2/4)
=yo(l+h+h?/2+h3/ 4)
Yne1=Yn+hlya/6+@/3)y,(1+h/2)+ 1/ 3)yn(1+h/2+h2/4)

+(1/ 6)yy(L+h+h?/2+h3/ 4)]
=Yyh[1+h(1/6+1/3+h/6+

1/3+ +h/6+h?/12+
1/6+  +h/6+h%/12+h%/24)]
=yn[l+h@+h/2+h?/6+h3/24)]
=y[l+h+h?/2+h3/6+h%/24]
Using h =1 and starting with Xg =1, yg =1, we have

y1=11+1+1/2+1/6+1/24)=2.70833

which is closer to the exact solutionat y=1 (y=e* = y(1) = e~ 2.71828) then any of
the Euler methods, with just asingle step!

Numerically, it is generally more practical to calculate each of the k; and then plug them
into the formulafor y,,q rather than just figure out a general formulafirst, aswedid in
this example. Of course you should get the same result if you do this.
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